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We propose and canonically quantize a generalization of the two-dimensional 
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QQ ■ massive fermion theory described by a Lagrangian containing third-order 

^D ■ derivatives. In our approach the mass term contains a derivative coupling. 
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The quantum solution is expressed in terms of three usual fermions. Employ- 
ing the standard bosonization scheme, the equivalent boson theory is derived. 
The results obtained are used to solve a theory including a current-current 



I. INTRODUCTION 

There is a continuing interest in quantum field theories defined by higher-derivative 
Lagrangians 0]. In spite of their possible shortcomings, such as ghost states and unitarity 
violation, field theories whose equations of motion are of order higher than the second are 
useful to regularize ultraviolet divergences 0, especially for supersymmetric gauge theories 

The appearance of curvature-squared terms as corrections to the Einstein-Hilbert La- 
grangian in the effective action of superstring theories ^ is a further reason why higher- 
derivative field theories are worth investigating for their own sake, and as such they have 
been studied from several different points of view in the last few years. Recently, a higher- 
derivative generalization of the two-dimensional free fermion theory [^,|| has been con- 
structed and exactly solved by expressing the fermion fields of the model in terms of boson 
fields ( "bosonization" ) . It turns out that the fermion fields that solve the higher-order equa- 
tions of motion can be written in terms of usual Dirac fields, the so-called "infrafermions" . 
Some of these infrafermions, however, need to be quantized with a negative metric, giving 
rise to an indefinite-metric Hilbert space. 

In this paper we study the effect of the inclusion of a mass term on the behavior of these 
generalized fermion theories. We find that the requirements of Lorentz invariance, absence 
of tachyon excitations and hermiticity fix the form of the mass term, which differs from the 
usual one by the appearance of derivative couplings. The model is solved exactly and it so 
happens that the higher-derivative fermion fields admit only a nonlocal mapping from usual 
fermion fields. With the help of the standard bosoniza tion technique 0,§] , the solution is 
expressed in terms of a sine-Gordon field and of two massless free scalar fields. These results 
are then employed to solve a theory with a current-current interaction. 

The paper is organized as follows. In Sec II we propose and canonically quantize the 
third-order massive fermion theory. Section III is devoted to find the equivalent-boson 
theory. A theory including a current-current interaction is discussed in Sec. IV. Section V 



is dedicated to general comments and conclusions. 

II. CANONICAL QUANTIZATION 

Let us consider the Lagrangian density 

£o(x) = -il{x){m'' m^) + me(x)(#)^e(a:), (1) 

where ?7i is a parameter with dimension of mass. For A^ > the mass term is a coupling with 
even-order derivatives. As it will be seen, this is the simplest mass term to be introduced 
in order to generalize the massive fermion theory that avoids the appearance of tachyon 
excitations, preserves Lorentz invariance of C and provides a Hermitian Hamiltonian. 

The complexity involved here is greater than in the massless case 0, when the two 
spinor components decouple and are treated independently. Therefore, in order to avoid 
unnecessarily complicated expressions, instead of considering the fairly general form (||), we 
shall restrict ourselves to the third-order case (A^ = !)• In this case it is easy to conclude 
by decoupling the equations of motion that if the mass term were m^^ the mass acquired 
would be complex. No first- derivative term like m^(j)S, would respect Lorentz invariance 
(excluding non-local terms, like m^J(j)(j)^). The second-derivative term 'm^(j)(j)^ is the only 
Hermitian Lorentz invariant local term suitable to be introduced. 

Using the light-cone variables (the conventions used here are the same as in Ref. [^, 
except for the definition x^ = ^ ^^ ), the Lagrangian density can be written as 

Coix) = -tCa)ix)dl^ii)ix) - tCi2)ix)dl^i2)ix) + me(\)(x)ne(2)(x) + mC^,^ix)a^^^)ix). (2) 

Under a Lorentz transformation x"*" -^ Ax"*" and x~ — > \~x~ we have ^(1,2) -^ ^"^^'^^(1^2)- 
The equations of motion are 

idUmix) - mn^^2)ix) = 0, 

^5+e(2)(a;)-mne(i)(x) = 0. (3) 



In order to quantize the theory, we must obtain the basic Poisson brackets. In ac- 
cordance with the third-order character of the Lagrangian, for the basic variables we 
take ^(1), (9-^(1), 5^ ^(1) +2771(9+^(2), ^(2), <9+^(2), <9+^(2) + ^m-c^-^a)- The associated canon- 
ical momenta, obtained by variation of the action around the equations of motion, are 

-^^-^(*i) - "^^+^(*2)' *^-^a)> -^^a)> -^dUh) - ^9^^li)^ ^^+^(*2)' -«^(*2), respectively. Our 
choice for basic variables, different from the one in Ref. [^, has the advantage of providing 
momenta with homogenous Lorentz properties, even with the mass term. 

Using these variables, a systematic quantization, carried out using either a Dirac bracket 
formalism if ^"l" is treated as an independent variable, or Poisson brackets if ^^ is taken as a 
function of ^, furnishes the following nonvanishing equal-time anticommutators: 

{Cii){x),dlC^,^{y)} = {^i2)ix),dUl,^{y)} = -6{x'-y'), 
{9_e(i)(x),9_e(*i)(z/)} = {5+^(2) (x), 9+^(2) (y)} = 5ix'-y'), 
{d.^ii){x),dlC(,^iy)} = {d+^i2){x),d'_Cii)iy)} = tm5ix'-y'), 
{d%i){x),d'_Ca){y)} = {dUi2){x),dlC^,^{y)} = mH{x'-y'). (4) 

Introducing the Fourier decomposition 

M^) = J d'ke~''^^^a){k), (5) 

we obtain the general solution 

e(i)(A;) = aik)6ie - m') + 6(2)(A;„),5(A;+) + C(i)(A;+)(5(A;_) - ^h(^,^{k^)^5{k.), 

ii2){k) = '^^a{k)6{k' - m') + b^,^{k^)6{k^) + C(2)(A;_)5(fc+) - ^b^^){k^)-^5{k+). (6) 

Tfl Tfl Ctrh-L. 

With the help of fields x* with dispersion relations described by 

;i^i^ 2) (x) = -M d'^k a{k) k^ 5{k'^ - w?) e"*''^. 
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xli,2){^ ) = / dk±C{^i^2){k±)e 
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X\i,2){x^)= /rfA;± 6(1,2) (A:±)e-^'=±^^ (7) 



and consistently defining the operators 



1 1 

Y^li,2)ix) = -:^d±xli,2)i^), (8) 



we come back to the configuration space arriving at 



Q^X(i){x) + -^X{i){x^) + -Q-^CZ)x- ^ ' "^' 



^(i)(^) = TT^wi^) + 7r^(i)(^^) + 7r42)(^ ) + '—9+xhix' 



1 1 1 a;'^ 

^(2)(a;) = Q-xUix) + -g-X(2]ix') + -g-xfi)ix^) + i—d-xf2)ix')- (9) 

a±^(i,2) 
xl{%{x^) = ^l dz^xti,2)iz^)- (10) 



A convenient definition to jT-Vn' ^^ is 



1 •?•? ' -l-^ ^ 1"^ J 1 2,3 ^ ±-^ 



However, for calculating physical quantities, other definitions could be applied so long as 
the identity 

5±{^X(i,2)(a:^)|=X(i,2)(a:^) (11) 

is ensured to hold. 

The mode x^ is massive, whereas x^ and x^ ell's massless. In the general case (|l|) this 
decomposition would generate one massive mode and A^ — 1 other massless modes. Tachyon 
excitations do not appear. 

Now we proceed to find the anticommutation laws of the modes %*. Inverting the relations 
(p^) we obtain 

i 2i 2 

X?i)(x+) = 29ie(i)(x) + (1 + ;^9?)9_e(i)(x) + -^(9i - ^^df - x-d!)d'_Cw{x) 

1 1 L 1 1 L lib 

+ -{d, - —^dl - 2x~dl)d^i^,){x) - -d%,){x), 
Xl^{x-) = d^^^2){x)-^dl^i2){x). (12) 

lit 

The lower components can be calculated likewise or by simply switching the spinor indices 
and x^ to —x^. Using the above relations and the anticommutation laws (|^) one can verify, 
after a tedious algebra, the following nonvanishing anticommutation relations: 



it 



{xU{x).x\m = ^^^'-y"'' 



2t 



{X(a)(a;),X (a) (2/)} 



16 cf^ 



2t 



{X(a),X {a)i.y)} 



m dx 



-Ax'-y'), 



3 t. 



{X(a)(a^),XH'(2/)} = 



(13) 



From Eq.(|^ one can check that 



{i(^ — m)x^{x) = 0. 



(14) 



It is a straightforward exercise to verify that the dimension and Lorentz properties of x^ are 
the same as those of usual fermions. Therefore x^ is a massive Dirac field quantized with 
positive metric. The other two modes are noncanonical. Nevertheless, the anticommutation 
structure (|TB|) can be cast into a diagonal form by introducing a free massive field ip^ and 
two other free massless fields ip"^ and ip^ quantized with opposite metrics: 



{^\x),^'\y)} = {^\x),^'\y)} = -{^^{x),^^\y)} = 6{x'-y'). 
In terms of these fields, for an arbitrary integer p (see Appendix), we have 



(15) 



X{a) — '^{a)j 



X(l,2) 



A(l,2) 



2MP- 



■5r\#,2) + ^fl,2)) + (-l)^^r^4""(#,2) - #,2)) 



2m^ 






771 



5±'(#,2)-#,2)), 



(16) 



where M is an arbitrary parameter of the same dimension as m. Under Lorentz transfor- 

i-p 
mations we require that M -^ Xp+'^M. Using this mapping, the original field turns out 

to be 



^(1,2) = ^^Pl,2) + 17T7^dU^fl,2) + #,2)) 



d^ 



+ 



MP^ 



771 



'2711? 



,2-p 



771 



drmia) - #,2)) + ^v (^(2,1) - ^(2,1)) 



(17) 



Note that it is impossible to adjust p to describe the original fields locally in terms of usual 
fermions, while the corresponding relationship is local in the massless case [^^. 



6 



The conserved currents associated with the global gauge symmetry are given by the 
products of fields and conjugate momenta. The light-cone components (which do not satisfy 
independent conservation laws) are 

j+ = ^^i2)i^^lCi2) + md^Cn)) + (^+^(2)) (^+^(2)) " ^(-^^+^(2) + md^^ii))ei2y (18) 

Using these expressions and the diagonal expansions of ^ we arrive at 

f{x) = '^{x)Y^\x) + W{x)Y^^{x) - W{x)Y^P%x), (19) 

where a surface term has been dropped out. Defining 

Q = Jdz'f{z), (20) 

it is straightforward to show from (|20|), (p!7| ) and ( p!9D that 

{Q,a^)} = -ax)- (21) 

III. BOSONIZATION 

As emphasized in 0, the Hamiltonian Tio obtained from the Legendre transformation 
of the Lagrangian (H) evolves the ^ field. The Hamiltonian TYq evolving the infrafermions is 
obtained from it by recognizing the time-dependent relationship between the basic variables 
and the infrafermions as a point transformation. The generating function may be constructed 
as in 1^ and the Hamiltonian TYq computed. The result is the Hami Itonian for the three 
independent and canonical (except for metrics) first-derivative infrafermions: 

T-C'q = -i^\^diip'^ - ^-f^diip^ + 0-i^dii)^ + m^V^- (22) 

By means of a Legendre transformation one finds 

C'{x) =i)'^ {x){i^ - m)i)\x) +iJ^{x){i^)i)'^{x)-i)^{x){i^)i)'^{x). (23) 



It is the Hainiltonian (p2D and the infrafermions that we are going to bosonize. The bosoniza- 
tion scheme we employ is the standard one 0J^. Therefore we have 

where n is an arbitrary finite mass scale, 02 and ^3 are free and massless scalar fields, (pi is 
a sine-Gordon field and ttj = (pj. In the last expression we have suppressed the Klein factors 
that ensure the anticommutation relations. Its worth remarking that opposite metrics are 
ensured by Klein factors too 0. 

Thus, the equivalent boson field theory Hamiltonian is 

1 771 1 1 

n^ = ^ki + (dih)'] - -f^cos{2V^<Pi) + -[ttI + (^102)1 + -[vrl + (Si^a)^. (25) 

/ TT Z Z 

For the conserved current (|1^) we find 

fix) = -^e^'d^M^) + M^) - U^)}- (26) 



The bosonization of the higher-derivative fermion field is obtained by using (|2^) in (|T7|). 

IV. CURRENT-CURRENT INTERACTION 

Consider the theory described by 

Ci{x)=Co{x)+gj+{x)r{x), (27) 

where Cq is the Lagrangian density (0), j^ are given by (p!8D, g is a. constant and all the 
fields are in the Heisenberg picture. This is a more general third-order theory that con- 
tains a current-current interaction term. A natural candidate to be the infrafermion La- 
grangian density for this theory is built by adding the current-current interaction (|19|) to 
the Lagrangian density (|23| ) in the Heisenberg picture. This identification is correct in the 
interactio n picture, since the solution ( p!7D has led us to identify the third-order Lagrangian 
density (Q) with the first-order fermion theory ( ^5] ) and the current (|T^ with ([TP|). However, 
it is not clear that this direct identification remains in the Heisenberg picture. It depends 
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on generalizing the solution ([T7|), an issue we do not address here. In order to gain insight 
into this new theory we shall then consider the first-order fermion theory 



From now on, we shall use lower case letters to denote fields in the interaction picture and 
the upper case ones to those in the Heisenberg picture. We have been led to a Thirring 
model with global SU{2, 1) symmetry explicitly broken by the mass term. 

Following [§] in the interaction picture the current- current term ([19D should be written 

as 



/B 



njti 9 



U'f? 



Kj'f? 



(29) 



where A is a parameter that has to be introduced in the interaction picture and is fixed by 
requiring Lorentz invariance. The subscript F was inserted in order to emphasize that j^ 
is a functional of free quantities, since we are in the interaction picture. After bosonization 
we find that 



'Hl = l {(9i0i + 9i02 - 9i03)' - A(7ri + 7,2- Tlzf) . 



The full Heisenberg picture bosonized Hamiltonian density is immediately found: 



(30) 



n = 7^[,[<i>, n] + HA^. n] = i [n? + (9i<i>i 



m 



— /iCOs(2V7r$i) -t- - 



1 r. 



n^ + (5i$2) 



1 

+ 2 



n^ + (ai*3)=l + ?(9i*i + Si*2 - 9i*3)' - ^(Hi + n^ - n^f. (3i) 



It is a simple exercise to show that the Heisenberg picture momenta Hj are 
„ 1 — 2gfA • qA • qX ■ 



Ho 



H, 



1-3^A'' ' 1-3^A^^ 1-3C/A ^' 



1-3^A 1-3^A 1-3^A 

-$1- ^ o x '^2 + ^ — ^"^s- 



1-3^A 1-3^A 1-3^A 

The fields in the two pictures are related by A^ = U'^ AiU, U = —iHiU. 



(32) 
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A Legendre transformation yields the full Heisenberg picture Lagrangian L. Requiring 
Lorentz invariance of C we obtain A = yt3~- This result could also be achieved by imposing 
Schwinger's condition 0. Thus, 

Tfl 

- (?(9^$i)(a^<l>3) - g{d^^2){d^^^) + - /icos(2v/^$i). (33) 

TT 

The transformations 



v^r+3^ 1' 

"; + 2^)(i + 3^) v/r+2^ 2' 



$3 = ^ ^$; + ^ =$; + ^^^$3 (34) 

^(l + 2^)(l + 3^) v'(l + ^)(l + 2^) v/TT^ 



applied to £ leave it diagonal, i.e. 



Ill Tf) 

^ = ;^(5.<^;)' + -Ad,^'<if + ^^l^M-^s)' + -/ico.(2v/^a<|.;), (35) 

Z Z Z TT 



where a is the coefficient of ^\ in the first of Eqs. ( 

Having obtained the canonical scalar fields, let us derive the bosonized expression of 
the infrafermions in the Heisenberg picture. It amounts to writing all operators in (|l7|) as 
Heisenberg field operators. This means applying the transformations (B^) and (E3) on 



^J' [x] = (ii)i/2 . g-«v^{/!^'^2'n,W+7L*jW} . _ /3g-) 

The dynamics of the fields $^ is found from (P^). From (^) and ( P3| ) all expected values 



of infrafermion fields may be computed. It is worthwhile to comment that in the general 
case (0) one would be led to a Thirring model with SU{N + 1, A^) explicitly broken global 
symmetry 

V. CONCLUSION 

We have discussed here the generalization of the massive fermion theory by introducing 
higher derivatives. The requirements of Lorentz symmetry, hermiticity of the Hamiltonian, 
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and absence of tachyon excitations suffice to fix the mass term. The mode expansion of the 
fermion fields has been exphcitly made and it has been seen that one needs two massless 
first-order (infra) fermion fields and one massive field to express the solution in familiar 
terms. In contrast to the massless case the relation between the higher- derivative field and 
the infrafermions is non-local. A family of (equivalent) solutions has been constructed but 
all of them are non-local in some degree. The interesting point is that, in spite of the 
non-local relationship among the fields, the current expressed in terms of the infrafermions 
becomes the sum of the currents associated with each infrafermion including the negative 
sign expected for the negative metric infrafermion. 

As an example of application we have bosonized the model resulting from the current- 
current interaction expressed in terms of the infrafermions. The new infrafermion fields have 
been obtained, what allows the computation of any number of correlation functions. The 
bosonized model is written in terms of one massive and two massless scalars. The effect of 
the interaction appears in the change in the value of the mass and in the dependence of the 
infrafermions in all scalar fields. 

The generalization of the model by considering coupling with a gauge field, as in Ref . , 
is presently under investigations. Due to the presence of derivatives on the mass term this 
generalization is not a trivial rewriting of the treatment of the massive Schwinger model. 
Acknowledgments : The authors express their thanks to Conselho Nacional de Desenvolvimento 
Cientifico e Tecnologico (CNPq) and to Coordenagao de Aperfeigoamento de Pessoal de Nivel 
Superior (CAPES), Brazil, for partial financial support. 

APPENDIX: DIAGONALIZATION 

For the sake of simplicity, we shall concentrate only on the first component and derive 
the case p = 1. The extensions can be easily obtained by just following the same procedure. 
Our first step consists in finding combinations a and (3 of Xm and Xm such that 

{a(x+),a*(y+)} = 0, 
11 



{/3(x+),/3*(y+)} = 0, 

{a{x^),P\y+)} = 5{x'-y'). (Al) 



From ( P^ we obtain 



{^xU^% ^xV,{y^)} = ^A^ix' - y\ 






{d^xhix^), ^xUiy^)} = -^dl5{x' - y')- (A2) 



Defining 



a(x+) = M— x?i)(x+) + h d+xti){x' 



,3 



/3(x+) = c9+X(i)(a:+), (A3) 

the relations ( |A1|) are supplied by taking 



b = % r, c = i—-. (A4) 

Now we have only to adjust M to get ip^-^-s and ipf-^-^ from the combinations a + (3 and a — /9, 
respectively. Inverting these relations we obtain ([16|) for p = 1. 
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